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Abstract

The Boundary Element Method (BEM) has been used to evaluate the integral and local flow properties
of two-phase laminar–laminar stratified flow in a pipe for interface shapes determined by exact solution of
the Young–Laplace equation. Results are presented for the volumetric flow rates, the interface and wall
shear stresses and the velocity profiles on the interface and through the cross-section of the pipe.

For the case of a flat planar interface, the results obtained from the BEM were compared against those
from the analytical solution for a 50% holdup (i.e. with a flat interface passing through the horizontal axis)
and with previous numerical solutions obtained using the bipolar coordinate system. Comparisons for the
case of a circular interface were made with the Fourier integral method described by others. The solutions
from the boundary integral method agree very well with these published results for special cases.

Solutions are presented for a range of parameter values. The interface shape is determined by the Bond
number, holdup or contact angle. The flow is controlled by these parameters, as well as the viscosity ratio,
and the pipe inclination, which determines the relative driving forces on the two fluids.

It is concluded that the BEM offers great flexibility and accuracy in addressing this class of flows.
� 2002 Published by Elsevier Science Ltd.
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1. Introduction

In stratified two phase flow in a pipe, the two phases flow in separate regions with the lighter
fluid flowing in the upper part of the pipe. The most important case for technological applications
is flow in a pipe of circular cross-section. The interface separating the two flow regions is often
assumed to be planar, but in the general case, it has a curved form, the shape being determined by
the contact angle at the pipe wall and a balance between gravitational and surface tension forces.
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Stratified two-phase flow has been of long-standing interest from both the practical and the
theoretical points of view. Many pipeline systems are designed to operate in the stratified flow
region; stratified flow gives lower pressure gradients than slug flow and does not suffer from the
problems of intermittent behaviour that slug flow produces. In many practical stratified flows, one
or both phases may be turbulent (particularly in gas–liquid flows) and partial mixing (inter-
entrainment) of the phases may occur at high velocities, but solution of the flow field for the case
where both flows are laminar and where the interface is undisturbed still represents an important
base case from which much can be learned. This laminar–laminar flow case is also reasonably
common in some practical applications in viscous liquid–liquid flow systems. Thus, there have
been a variety of studies of this case for both horizontal and inclined pipelines.

Due to the complex flow geometry of stratified flow in circular conduits, most studies have used
either ‘equivalent’ models of flow between parallel plates or an averaged two-fluid formulation
assuming a planar interface between the phases. However, the accuracy of such averaged models
in predicting the integral flow characteristics, such as the axial pressure drop and the in situ
holdup is hard to quantify and sometimes poor. A more satisfactory approach is to obtain the
velocity profiles, stress distributions and other local flow properties from a more rigorous treat-
ment of the two-dimensional Navier–Stokes equation. These solutions can then be used as a basis
for determining the integral quantities. Several researchers have obtained analytical and numerical
solutions to such problems for various assumed interface geometries and have proposed mech-
anistic methods to determine the local and integral flow properties.

Rusell and Charles (1959) examined two different flow systems for two immiscible, incom-
pressible Newtonian fluids in laminar stratified flow, between parallel plates, and with the two
liquids flowing concentrically in a circular pipe. The positions of the interface corresponding to a
minimum in the pressure drop or the power requirement were determined for specific systems. It
was concluded that the maximum reduction in power obtained in the pipe system with concentric
flow was considerably greater than that in the parallel plate system. This was due to the reduction
of shear when the less viscous phase flows next to the pipe wall.

Exact analytical solutions can be obtained for special interface geometries in a circular pipe. By
assuming a planar interface to be situated in the horizontal diametrical plane, with a holdup of
50%, Yu and Sparrow (1967) derived an exact solution by coupling a suitable Green’s function
with their reduced velocity equations. Brauner et al. (1996) carried this solution further and ob-
tained the variation of the wall shear stress, and its discontinuity across the interface, for this
unique flow scenario. Packham and Shail (1971), obtained the exact solution for a co-current flow
in a duct with a flat planar diametrical interface. They showed that when the cross-section was
symmetrical with respect to the interface, the solution could be expressed in terms of two separate
solutions corresponding to the flow of a single liquid in the whole pipe and in a half pipe bounded
by the interface. Kurban (1997) also reported an exact solution to the same problem obtained by
expressing the solution of the Navier–Stokes equations as a sum of the particular and Laplace so-
lutions. The particular solution was determined by suitable expressions that satisfied the boundary
and interface conditions, and a Fourier series solution was obtained for the Laplace equations.
Wall and interfacial shear stresses, together with the phase flow rates were also obtained.

Gemmell and Epstein (1962) compared experimental data and numerical solutions for co-
current laminar stratified flow in a circular pipe for various viscosity ratios with a flat fluid–fluid
interface at eight different positions. A two-dimensional finite element method was applied with
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Cartesian coordinates superimposed onto the circular pipe. They obtained the volumetric flow
rate by summing the products of the nodal velocities and the areas of the finite elements. Though
not all of the experimental cases appeared to be sharply stratified (in some cases, the interface was
wavy), good agreement was obtained for both the in situ holdup and the pressure gradient when
both fluids were in laminar flow. The experimental and computed results began to deviate when
the less viscous phase (water) entered the transitional and turbulent regions.

Bentwich (1964) derived analytical expressions for the velocity distributions which would hold
for all possible annular, lunar and stratified flow configurations with a circular interface. He
developed Fourier series and Fourier transform solutions using a bipolar coordinate system. With
the motivation of reducing energy requirement for transporting viscous liquids in pipelines by the
addition of a less viscous liquid, Bentwich (1976) later proposed an analytical approximation for
determining the geometry of the interface of two immiscible liquids, taking into account the in-
terfacial tension, capillary forces and gravity. The two-phase Poiseuille flow problem was then
solved by applying an equivalent variational principal with the Rayleigh–Ritz method, in order to
obtain the axial velocities and flow rates of the liquids. Here, the solution was approximated using
a finite number of functions to represent each velocity field.

Yu and Sparrow (1967) determined closed form solutions for two-component stratified laminar
flow in horizontal ducts of arbitrary cross-section. Again, a flat interface was assumed. From the
transformation of the momentum equations, the reduced velocity field was expressed as a series of
harmonic functions, in the coordinates of a cross-sectional plane, ðxþ iyÞn. The coefficients in the
series for the reduced velocities were determined by the application of the least squares method to
satisfy the boundary conditions. The velocities were then integrated to obtain both the volumetric
flow rate and the pressure gradient. However, neither the interfacial nor wall shear stresses were
calculated.

Ranger and Davis (1979) obtained an explicit analytical solution for the flow of two fluids of
different viscosities with a flat interface. They expressed the fluid velocities in terms of Fourier
integrals, which were then used to express the volumetric fluxes of each fluid as a single integral.
The results agreed well with the numerical solution of Gemmell and Epstein (1962).

A numerical method for solving the physical flow problem of laminar–laminar stratified flow
with a plane interface was proposed by Hall (1992). The numerical domain was bounded exter-
nally at the pipe walls, with a horizontal grid line across the pipe, coinciding with the interface.
The bipolar coordinate system was applied to match this geometry. This coordinate system has
advantages for generating a simple grid that fits both the pipe walls and the interface, enabling the
boundary conditions to be applied at exact grid locations. A finite volume discretisation method
was used, and the solution was obtained via the Tri-Diagonal Matrix Algorithm and the Gauss–
Seidel method. Hall and Hewitt (1993) presented comparisons of numerical solutions with those
obtained from the integral two-fluid model in order to evaluate the accuracy of the latter.

Brauner et al. (1996) obtained analytical solutions for the local flow properties of flow systems
with either a flat or circular arc interface. Both Fourier series and Fourier integral solutions were
presented. The coefficients of the Fourier series are independent of the holdup and the viscosity
ratio and thus can be determined with ease once the interface curvature is specified. Hence the
dimensionless velocity profiles for the whole range of in situ holdups and viscosity ratios could
be calculated. Although the number of terms in the Fourier series determined the convergence of
the solution, the accuracy of the values obtained for the interfacial velocities and shear stresses

T.S. Ng et al. / International Journal of Multiphase Flow 28 (2002) 963–996 965



deteriorated near the pipe wall even when the number of terms was increased. The Fourier integral
method was more complicated to apply, as the calculation of the spectral functions must be it-
erated for each specific holdup and viscosity ratio. However, this method provided flow char-
acteristics in the entire domain, including the two contact points at the pipe wall, which were
excluded in the solution obtained by Fourier series. Apart from the problem in the vicinity of the
contact points at the walls, both solutions yielded practically the same results. Nevertheless, when
the variation of the local flow characteristics over the entire interface is of importance, Fourier
integrals must be employed. The wall shear stress showed a large variation in the vicinity of the
fluid–fluid interface and was discontinuous across the interface. The results provide a better
understanding of the hydrodynamic behaviour in the flow field and around the interface.

MoalemMaron et al. (1995) presented data using the Fourier integral calculation procedure for
circular arc interfaces, illustrating the effect of interface curvature and in situ holdup on the flow
rate ratios. They concluded that the characteristics of the wall shear stress profile in the vicinity of
the interface could be used to generalise the definition of thin fluid layers in stratified flows with
curved interfaces. These definitions could be different from those based on the in situ holdup
criterion. Since stratified two-phase flow represents a basic flow pattern for exploring the tran-
sition to other flow patterns, they suggested that their solution for the curved interface could be
used as a new basis for stability analyses of stratified layers accounting for the interfacial tension
and wall adhesion forces.

Biberg and Halvorsen (2000) obtained detailed solutions for the wall and interfacial shear
stresses in pressure driven two-phase laminar stratified pipe flow with a flat interface in terms of
Fourier integrals. The solution was written as a linear combination of a single-phase free surface
flow term, and a second term that links the phases together and represents the shear driven flow.

Many simplified mechanistic models have been discussed. Brauner et al. (1998) developed the
two-fluid model for circular arc interfaces by taking the momentum equations and expressing
them in terms of the phase distribution angle and the interface curvature. They compared the
solution from the two-fluid model with the corresponding exact solutions in the laminar flow
regime over a wide range of interface curvatures and phase flow rates. The two-fluid model tended
to over-predict the pressure drop, but it predicted the in situ holdup reasonably well.

All the previous work cited above has been based on approximate forms of the interface ge-
ometry. The interface has been represented as perfectly flat or as a circular arc. The exact interface
shape for laminar–laminar stratified flow in a circular pipe has recently been determined by
Gorelik and Brauner (1999) and Ng et al. (1999b, 2001). Three dimensionless parameters are used
to determine the shape of the interface as a solution of the Young–Laplace equation. These are the
contact angle at the three-phase line, h, the holdup of the denser phase, e, and the Bond number,
Bo. The contact angle, h, is the angle between the interface and the pipe wall, measured through
the denser phase; the holdup, e, is defined as the fraction of the pipe cross-section occupied by the
denser fluid; and the Bond number, Bo, is the ratio of gravitational to surface tension forces,
defined as

Bo ¼ Dqga2

cAB

ð1Þ

where Dq is the density difference between the two fluids, g is the gravitational constant, a is the
radius of the pipe and cAB is the interfacial tension.
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Fig. 1 shows the general configuration of the fluids, illustrating the contact angle and holdup.
The lighter phase is labelled fluid A (above), and the denser phase is fluid B (below). The flows are
assumed to be at steady state, fully developed, and therefore unidirectional.

The aim of the work described here is to present a precise calculation method for two-phase
laminar–laminar stratified flows where the interface shape is specified exactly (Ng et al., 2001),
and is neither flat nor circular. In the Boundary Element Method (BEM), only the boundary of
the region is discretised. The equations governing the problem are converted to integral equations
in terms of the unknown function over the boundary of the problem domain. The principal
advantage of the BEM over domain type analyses such as the finite element and finite difference
methods is that computational time and storage are greatly reduced. (Brebbia, 1978; Stakgold,
1979; Pozrikidis, 1992; El-Zafrany, 1993; Banerjee, 1994). Only values at the boundaries are
required to determine flow properties such as the flow rates, interfacial velocities, and the wall and
interfacial shear stresses.

Stratified flows are subject to many kinds of instability, which lead to the generation of waves
on the interface, or even slugs. Transition from laminar to turbulent flow is also a possibility. Such
phenomena are beyond the scope of the present work. However, the present work provides a
detailed solution procedure for smooth parallel flow, which could be used as the starting point for
a study of instabilities and transitions to other flow regimes.

The underlying mathematical formulation is discussed in Section 2, with the question of con-
vergence being addressed in Section 3. Section 3 also presents comparisons with previous solu-
tions. The results determined from the calculations are presented in Section 4 and the conclusions
drawn are summarised in Section 5.

2. Mathematical formulation

2.1. Preliminaries

The dimensionless equations for the axial velocity in phases A and B shown in Fig. 1 are
Poisson equations, which can be derived from the Navier–Stokes Equation (Packham and Shail,
1971):

Fig. 1. Schematic diagram of the pipe cross-section, highlighting the parameters used.
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r2uzA ¼ � 1

m
v ð2Þ

r2uzB ¼ �1 ð3Þ
where uzA and uzB are the local axial velocities of phase A and phase B respectively, and m and v
are dimensionless parameters of the flow problem. Here, m is the viscosity ratio

m ¼ lA

lB

ð4Þ

where lA and lB are the viscosities of the two fluids. The dimensionless driving ratio v is given by

v ¼ ð�G� qAg sin aÞ
ð�G� qBg sin aÞ ð5Þ

where q is the density of the fluid, g is the gravitational constant and a is the inclination of the pipe
(positive for upwards inclined flow). When the pipe is horizontal, a is zero and the dimensionless
driving ratio, v, is unity. G is the axial pressure gradient along the pipe, taken to be negative.

The equations have been made dimensionless using the pipe radius R for the length scale and a
velocity scale U chosen as

U ¼ ð�G� qBg sin aÞR2

lB

ð6Þ

Note that U is generally taken to be positive, but it can take negative values as discussed later.
The interface shape is determined by a balance of hydrostatic and surface tension effects, ex-

pressed by the Young–Laplace equation. The general solution for the position of the interface
ðx; yÞ in a pipe of unit radius is given by Ng et al. (2001) in the parametric form

x ¼ � 1ffiffiffiffiffiffiffiffiffi
Bob

p
h
� E

u
2
;

�
� 4b

�
þ ð1þ 2bÞF u

2
;

�
� 4b

�i
ð7Þ

and

y ¼ � 1ffiffiffiffiffiffiffiffiffi
Bob

p
h
� 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b� 2b cosu

p i
ð8Þ

with u being the parameter of the interface, defined as the angle between the tangent to the in-
terface and the horizontal in the positive x-direction. F and E represent the elliptic integrals of the
first and second kind respectively. The Bond number represents the ratio of gravitational and
interface forces, and is defined in Eq. (1) above. b is a modified Bond number, based on the
(unknown) reference curvature at the centre of the interface, j0,

b ¼ Bo
j2
0

ð9Þ

The appropriate solution for a given case is obtained by imposing the constraint of a particular
holdup, e, and contact angle, h, to determine j0, b and the range of u in the solution. Sample
solutions are given in Fig. 2(a) for a contact angle, h ¼ p=3, Bond number, Bo ¼ 10, and various
values of the holdup, e, and in Fig. 2(b) for holdup, e ¼ 0:3, Bond number, Bo ¼ 10, and various
values of the contact angle, h. The reference configuration, e ¼ 0:3, Bo ¼ 10, h ¼ p=3, is used to
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assess the affects of the various parameters as discussed below. A catalogue of solutions has been
presented by Ng et al. (2001) for the full range of parameters.

The stratified laminar flow problem is characterised by five dimensionless parameters, namely,
the holdup, e, the contact angle, h, the Bond number, Bo, the viscosity ratio, m and the dimen-
sionless driving ratio, v. For oil (Shell Tellus 22)–water flows in 1.5 in. pipelines, typical values for
the contact angle, Bond number and viscosity ratio are 0:3p, 10 and 45, respectively. These are
used for the reference configuration, together with a representative value of holdup, e ¼ 0:3, and
the driving ratio for a horizontal pipe, v ¼ 1. The numerical solution presented here determines
the phase flow rates for given values of the pressure gradient and the holdup. The more practical
problem of evaluating the pressure gradient and the phase holdup for given values of the volu-
metric flow rates can be solved by iterative use of the method presented here.

2.2. Particular solution

Particular solutions are chosen to satisfy the no-slip condition on the wall, and the velocities are
written in the form:

Fig. 2. Exact interface shapes compared to the reference configuration (h ¼ p=3, Bo ¼ 10, e ¼ 0:3): (a) different

holdups, e ¼ 0:1, 0.2, . . . , 0.9 and (b) different contact angles, h ¼ 0:1p, 0.2p, . . . , 0.9p.
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uzA ¼ v
4m

ð1� r2Þ þ fA ð10Þ

uzB ¼ 1

4
ð1� r2Þ þ fB ð11Þ

where r is the dimensionless radial coordinate which is zero at the pipe centreline and unity at the
pipe wall. f is the difference between the true velocity, uZ, and the particular solution (i.e. f is the
homogenous solution).

Eqs. (2) and (3) are transformed into Laplace equations for f where

r2fA ¼ 0 ð12Þ
r2fB ¼ 0 ð13Þ

The no slip conditions at the walls, SA and SB, then give Dirichlet conditions

fA ¼ 0

fB ¼ 0

The continuity of velocity and shear stress on the fluid–fluid interface, SI, require that

fA � fB ¼ m� v
4m

ð1� r2Þ ð14Þ

mðn 	 rfAÞ � n 	 rfb ¼
v � 1

2
n 	 x ð15Þ

where x is the (dimensionless) position vector with respect to the origin at the centre of the pipe,
and n is the unit normal on the interface, directed into the lower phase B.

The system of equations (12) to (15) is linear in v, so the solution at any value of v can be
obtained via interpolation (or extrapolation) between solutions at any two values, say v ¼ 0 and
v ¼ 1. Hence,

fv ¼ f0 þ vðf1 � f0Þ ð16Þ
where fa is the solution at v ¼ a.

2.3. The boundary integral equation

In the solution of the Laplace equations, a Green’s function is introduced which satisfies the
condition at the pipe wall,

Gðx; x0Þ ¼
1

2p
ln

jx� x0j
jx0jjx� x̂x0j

 !
ð17Þ

where x is the field point, x0 is the source point, and x̂x0 ¼ x0=jx0j
2
is the image point of x0.

The boundary integral equation is derived from Green’s Theorem for two scalar fields f and g
on a domain A with boundary S.Z Z

A
ðfr2g � gr2f ÞdA ¼

Z
S
ðf n 	 rg � gn 	 rf ÞdS ð18Þ
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where n 	 rg is the derivative of the scalar field g in the direction of the outward normal vector n
on the boundary S of region A.

Now, f is made the solution of the problem; and g is replaced by the Green’s function. Upon
substitution and simplification, equations relating the value of f at the field point x0 to the values
at points x on the interface are obtained.

fAðx0Þ ¼
Z
SI

fAðxÞnðxÞ 	 rGðx; x0Þð � Gðx; x0ÞnðxÞ 	 rfAðxÞÞdSðxÞ ð19Þ

fBðx0Þ ¼ �
Z
SI

fBðxÞnðxÞ 	 rGðx; x0Þð � Gðx; x0ÞnðxÞ 	 rfBðxÞÞdSðxÞ ð20Þ

where the negative sign in Eq. (20) arises because the normal on the interface has been chosen to
point outwards for phase A and hence, inwards for phase B. The gradient operator acts on the first
argument, x, of G. Here SI denotes the liquid–liquid interface. Integrals around the pipe wall are
not required because of the choice of G in Eq. (17).

The area inside region A and within a very small distance of any point xi which lies on the
boundary, S, is half that for a point x0 which lies within area A. Hence, if x0 is replaced by xi,
a factor of 0.5 will be included on the left-hand side of Eqs. (19) and (20). On the right-hand
side, the principal values of the integrals, denoted by

H
, are taken to obtain the boundary integral

equations:

fAðxiÞ ¼ 2

I
SI

fAðxÞnðxÞ 	 rGðx; xiÞð � Gðx; xiÞnðxÞ 	 rfAðxÞÞdSðxÞ ð21Þ

fBðxiÞ ¼ �2

I
SI

fBðxÞnðxÞ 	 rGðx; xiÞð � Gðx; xiÞnðxÞ 	 rfBðxÞÞdSðxÞ ð22Þ

2.4. The discrete problem

The interface is divided into a number of intervals denoted by subscript j, with j ¼ 1 to J . The
simplest representation of the solution is chosen, where the boundary is represented by straight
line elements and the solution is taken to be piecewise constant. The functions f and the normal
derivatives n 	 rf are then represented by the discrete values at the nodes (centres) of each ele-
ment.

Three different approaches have been used to discretise the interface. For highly curved or
circular interfaces, corresponding to a small Bond number and a high contact angle, the nodes are
distributed along the interface at regular angular intervals, with equal increments of u. Where the
interface is flat or nearly so, the interface is divided into J elements, with the nodes located at
regular intervals along the horizontal axis (x) of the pipe diameter (see Fig. 1). For large Bond
numbers, the interface is flat in the centre and highly curved near the ends. In this case, a com-
bination of the nodes obtained from both discretisation methods is used.

Eqs. (21) and (22) are approximated by summations of the exact integrals of Gðx; xiÞ and
n 	 rGðx; xiÞ over each element of the interface as follows,
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fAðxiÞ � 2
XJ
j¼1

fAðxjÞ
Z Sj=2

�Sj=2
nj 	 rGðx; xiÞdn � 2

XJ
j¼1

n 	 rfAðxjÞ
Z Sj=2

�Sj=2
Gðx; xiÞdn ð23Þ

and

fBðxiÞ � �2
XJ
j¼1

fBðxjÞ
Z Sj=2

�Sj=2
nj 	 rGðx; xiÞdn þ 2

XJ
j¼1

n 	 rfBðxjÞ
Z Sj=2

�Sj=2
Gðx; xiÞdn ð24Þ

Focusing on a single boundary element, the integrals can be simplified with reference to the
sketch shown in Fig. 3. For this purpose, the boundary element, Sj, is re-orientated in a horizontal
position, parallel to the n-axis. Sj is the length of element j which is bounded by points Cj and Cjþ1

on the interface. tj and nj are the unit tangent and unit normal to the element. The coordinates of
the node xj relative to the point xi are then

a ¼ �ðxj � xiÞ 	 nj

b ¼ ðxj � xiÞ 	 tj

with similar definitions for âa and b̂b relative to the image point x̂xi required for the Green’s function.
Note that a and b are different for each combination of i and j.

Eqs. (23) and (24) are combined with conditions (14) and (15) for continuity of velocity and
shear stress at the interface to obtain a system of equations for the unknown vector f

A
, whose

elements are the nodal values fAi ¼ fAðxiÞ:

V 	 f
A
¼ w ð25Þ

where V is a ðJ � JÞ matrix with elements

Vij ¼ dij þ
2ð1� mÞ
ðmþ 1Þ Hji ð26Þ

Here dij is the Kronecker delta and Hji is given by

Fig. 3. Schematic diagram of a boundary element used in the evaluation of the integrals.
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Hji ¼
Z Sj=2

�Sj=2
njðxÞ 	 rGðx; xiÞdn

¼ 1

2p
tan�1

b̂bþ Sj
2

âa

 !"
� tan�1

bþ Sj
2

a

 !#
� 1

2p
tan�1

b̂b� Sj
2

âa

 !"
� tan�1

b� Sj
2

a

 !#

ð27Þ

The ðJ � 1Þ vector, w, has elements

wi ¼
m� v

4mðmþ 1Þ 1
�

� jxij
2
�
þ 1� v
ðmþ 1Þ

XJ
j¼1

nj 	 xjGji þ
m� v

2mðmþ 1Þ
XJ
j¼1

1
�

� xj
�� ��2�Hji ð28Þ

where

Gji ¼
Z Sj=2

�Sj=2
Gðx; xiÞdn

¼ 1

2p
Sj ln

1

jxij

� �
þ 1

2p
a tan�1

bþ Sj
2

a

 ! 
� a tan�1

b� Sj
2

a

 !

� âa tan�1
b̂bþ Sj

2

âa

 !
þ âa tan�1

b̂b� Sj
2

âa

 !!

þ 1

2p
b

0
@

0
@ þ Sj

2

1
A ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ bþ Sj

2

0
@

1
A

2
vuuut

0
B@

1
CA� b

�
� Sj

2

�
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b� Sj

2

0
@

1
A

2
vuuut

0
B@

1
CA
1
CA

� 1

2p
b̂b

0
@

0
@ þ Sj

2

1
A ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
âa2 þ b̂bþ Sj

2

0
@

1
A

2
vuuut

0
B@

1
CA� b̂b

�
� Sj

2

�
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
âa2 þ b̂b� Sj

2

0
@

1
A

2
vuuut

0
B@

1
CA
1
CA
ð29Þ

Once f
A
is found from Eq. (25), f

B
can be determined from Eq. (14) and the axial velocities

at the interface, uzA and uzB can be calculated.
The values of n 	 rfA and n 	 rfB on the interface are required for the prediction of other flow

properties of the system. With values of fA and fB along the interface known, Eq. (23) can be
rearranged to give

P 	 F A ¼ q ð30Þ

where F A is a vector of the unknowns, FAi ¼ n 	 rfAðxiÞ, P is a ðJ � JÞ matrix with elements

Pij ¼ 2Gji ð31Þ
and q is a ðJ � 1Þ vector with elements

qi ¼ 2
XJ
j¼1

fAðxjÞHji � fAðxiÞ ð32Þ

The nodal values of (n 	 rfA) are then obtained from Eq. (30) and the values of (n 	 rfB) from
Eq. (15).
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2.5. Calculation of the flow rates

The expression for the dimensionless flow rate of fluid A given by

QA ¼
Z Z

A
uzA dA ð33Þ

can be converted into a line integral by applying Green’s Theorem, Eq. (18), to obtain

QA ¼ v
16m

SA þ
Z
SI

1

2
uzAnA 	 x

�
þ v
16m

ðr2ÞnA 	 xþ 1

4
ð1� r2ÞnA 	 rfA

�
dS ð34Þ

where SA is the length of the pipe perimeter in contact with fluid A.
The surface integral in Eq. (34) is evaluated using the same technique as in the determination of

the interfacial velocities. This gives,

QA �
XJ
j¼1

�
� 1

2
uzAaSj �

va
16m

ða2
�

þ b2ÞSj þ
1

12
S3j

��

þ
XJ
j¼1

1

4
FAj ð1
��

� a2 � b2ÞSj �
1

12
S3j

��
þ v
16m

SA ð35Þ

where the field point xi in the definition of a and b is the centre of the pipe.
Similarly for fluid B, the flow rate, QB, is approximated by

QB �
XJ
j¼1

1

2
uzBaSj

�
þ a
16

ða2
�

þ b2ÞSj þ
1

12
S3j

��

þ
XJ
j¼1

1

4
FBj ða2
��

þ b2 � 1ÞSj þ
1

12
S3j

��
þ 1

16
SB ð36Þ

2.6. Calculation of the shear stress

The dimensionless interfacial shear stress is given by

sI ¼ mðn 	 ruzAÞ ¼ n 	 ruzB

which is

sI ¼ mðn 	 rfAÞ �
v
2
n 	 x ð37Þ

The dimensionless wall shear stress at the boundary of fluid A is

swA ¼ m
ofA
or

� �
r¼1

� v
2

ð38Þ
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Similarly, the dimensionless wall shear stress at the boundary of fluid B is given by

swB ¼ ofB
or

� �
r¼1

� 1

2
ð39Þ

A number of elegant methods are available for finding the shear stress at the wall. However,
here, a simple and direct method of finite difference approximation is adopted. Since f is zero at
the wall, the value of of =or, which is needed for the calculation of the shear stress at the wall can
be approximated using the value of f at a point very close to the wall. With f ¼ 0 and r ¼ 1 at the
wall, the following approximation is made

of
or

����
r¼1

� � 1

d
f

����
r¼1�d

ð40Þ

This method is very accurate, since the Green’s function, Eq. (17), satisfies the wall condition
exactly. The results presented below are evaluated with d ¼ 10�7. However, the wall shear stress at
the point where the fluid–fluid interface meets the pipe wall (contact point) cannot be determined
by this method. A local analysis of the shear stresses around the contact point is presented in
Appendix A.

3. Convergence and comparison with previous results

Before the analysis of the flow predictions obtained via the BEM, it is necessary to confirm the
accuracy of this solution scheme. A convergence test has been performed to determine the rate of
convergence of the solution with respect to the number of boundary elements or node points on
the interface.

Fig. 4 shows the convergence of the dimensionless axial velocity at two points within the fluid
with the number of node points on the interface, highlighting the difference between the velocity,

Fig. 4. The convergence of the axial velocity calculated at Points X and Y with increasing number of node points

(e ¼ 0:5, h ¼ p=6, Bo ¼ 1, m ¼ 1:6, v ¼ 1).
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un, evaluated using n node points and the velocity, uN , using N node points, where N is the largest
number of nodes used, plotted on a logarithmic scale. In this flow system (e ¼ 0:5, h ¼ p=6,
Bo ¼ 1, v ¼ 1), the coordinates of the contact points are (�0.853, 0.522), with the pipe’s centre at
(0, 0) and a radius of unity. Point X (�0:1, �0:6) is near the symmetry plane in fluid B while Point
Y (0.88, 0.4) is near one of the contact points. In this case, the equal angle discretisation is used
and N is 244. When a larger number of node points is used, the accuracy of the solution improves,
at the expense of increased computational time. A much slower convergence is obtained for Point
Y than for Point X, but a rather good approximation (better than 0.1%) to the solution can be
obtained by discretising the interface into about 40 boundary elements. It can be concluded that
the convergence of the solution is second order, with an error of order 1=n2.

The validity of the boundary element calculation has been checked by comparing the solution
obtained with the analytical and numerical solutions available in the literature. For all of these
comparisons, the interface is flat, and is discretised into 40 elements. This interface shape cor-
responds to the pseudo-gravity dominated situation described by Gorelik and Brauner (1999)
where the surface tension has no effect and the solution is independent of the Bond number. The
analytical solution for which comparisons were carried out is for a stratified flow system with a
flat interface at a holdup of 50% (Kurban, 1997) while the numerical solution used is the one
developed by Hall (1992), applying the bipolar coordinate system. In the latter case, results are
compared for planar interfaces at 25% and 75% holdup. The velocities, flow rates, and interfacial
and wall shear stresses determined by both methods are compared for a horizontal pipe
(v ¼ 1).

Comparisons with the analytical solution with viscosity ratio m ¼ 45 (Kurban, 1997) are shown
in Fig. 5 which shows the dimensionless velocity profile on the vertical diameter of the pipe, in-
terfacial shear stress along the horizontal diameter of the pipe, and the wall shear stress around
the periphery of the pipe. The flow properties calculated by the BEM agree well with the analytical
solution (Kurban, 1997). However, the BEM does not predict the wall shear stress at the contact
line. This is dealt with in Appendix A. The dimensionless flow rates for phases A and B calculated
by the two different methods are almost identical, as shown in Table 1.

The flow properties obtained using the boundary integral method at 25% and 75% holdup are
generally consistent with those calculated from the bipolar numerical solution. The dimensionless
volumetric flow rates of fluid A and fluid B for 25% and 75% holdup are compared with the
numerical solution by Hall (1992) in Tables 2 and 3 respectively. When the holdup is 75%, the
results obtained from the two methods are similar, with a maximum difference of about 5%. For
25% holdup, there is more high viscosity fluid (A) in the pipe and the prediction of its flow rate by
the boundary integral method is close to that of the bipolar code. However, when the viscosity
ratio is large, the discrepancy in the flow rate of the low viscosity fluid (B) is quite significant,
exceeding 20%. This is probably due to the error in the bipolar results. Kurban (1997) compared
the bipolar solution to the analytical one for a pseudo-two-phase flow (with the two phases taking
the same physical properties, and m ¼ 1); the maximum error was around 2% at 75% holdup. This
error will increase significantly with viscosity ratio due to the implementation of the equal stress
condition on the interface.

Fig. 6 shows the dimensionless velocity profile on the symmetry plane predicted by the BEM for
a flat interface with different viscosity ratios. The results are virtually identical to those obtained
by Brauner et al. (1996) using the Fourier Integral method. The volumetric flow rates predicted by
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Fig. 5. Comparison of boundary element and exact solutions for a half-filled pipe with a planar interface (e ¼ 0:5,
m ¼ 45, v ¼ 1, h ¼ p=2): (a) velocity profile at the symmetry plane, (b) interfacial shear stress profile and (c) wall shear

stress profile.
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Table 1

Dimensionless flow rates for a half-filled pipe with a viscosity ratio of 45 (e ¼ 0:5, m ¼ 45, v ¼ 1, h ¼ p=2)

Fluid Dimensionless flow rate

BEM Analytical

A 0.00695566 0.00695572

B 0.0796945 0.0796918

Table 2

Dimensionless flow rates for a flat interface at 25% holdup (e ¼ 0:25, v ¼ 1)

Viscosity ratio Dimensionless flow rate of A Dimensionless flow rate of B

BEM Bipolar code BEM Bipolar code

1.6 0.235982 0.238149 0.041802 0.041760

16 0.031651 0.030973 0.012906 0.014576

45 0.011670 0.011354 0.008765 0.010813

Table 3

Dimensionless flow rates for a flat interface at 75% holdup (e ¼ 0:75, v ¼ 1)

Viscosity ratio Dimensionless flow rate of A Dimensionless flow rate of B

BEM Bipolar code BEM Bipolar code

1.6 0.035458 0.035174 0.312456 0.321760

16 0.004567 0.004518 0.242438 0.254013

45 0.001659 0.001641 0.235666 0.247357

Fig. 6. Dimensionless velocity profile on the symmetry plane for a flat interface and viscosity ratios, m ¼ 0:01, 0.1, 1,
10, 100 (e ¼ 0:2, v ¼ 1).
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the BEM for a flow system with a circular interface have also been found to be indistinguishable
from those predicted by Moalem Maron et al. (1995).

4. Results and discussion

When a change is made in the physical properties of the flow system, both the local and the
integral flow properties of the system will be altered accordingly. Here, the effects of key pa-
rameters on the flow properties are investigated; these are the Bond number, Bo, holdup, e,
contact angle, h, viscosity ratio, m, and the ratio of the driving forces, v, for the two fluids. Since
there are five independent parameters, it is not possible to present a complete catalogue of so-
lutions. Instead, the effects of changes in parameters relative to a base configuration will be
discussed. In all the comparisons and analysis below, the base configuration of the flow system
was chosen with a Bond number, Bo ¼ 10; contact angle, h ¼ p=3; holdup, e ¼ 0:3; viscosity ratio,
m ¼ 45 and driving ratio, v ¼ 1. The exact interface shape, taking into account the surface tension
(Ng et al., 2001), is illustrated in Fig. 2. Here, a rather flat interface was chosen as a reference so
that the effects of curvature can be clearly distinguished. In the BEM, the interface is discretised
into 40 elements. Only a relatively small number of selected figures are presented. Other results are
simply described in the text. Full details are available in Ng et al. (1999a).

The inclination of the pipe affects the properties (and even the direction) of the flow and this can
be investigated by manipulating the scaled driving ratio of the flow system, v, defined in Eq. (5).
Pipe inclination is common in subsea pipelines where the seabed is undulating and not flat. In
cases where the pipe is in the horizontal position, where gravity is negligible, or where the densities
of the top and bottom fluids are equal, v is unity, and the two-fluids flow co-currently. When v has
a positive value, the two fluids are always in co-current flow. The ways in which the scaled driving
ratio v can change with pipe inclination, a, are shown schematically in Fig. 7. When the pipe is
downwardly inclined, v becomes less than unity, but greater than zero. Hence the flow is always
co-current. When the pipe is inclined slightly upwards, a is positive, and hence v is greater than 1,
indicating an upward inclined co-current flow. However, as shown in Fig. 7(a), for small values of
the pressure gradient, there is a critical value of a, a1, when this flow situation changes. The de-
nominator in Eq. (5) reaches zero before the numerator, as the density of fluid B is greater than that
of fluid A. As a approaches a1, v goes to infinity. Beyond this critical value, v becomes negative,
indicating that the pressure gradient is not strong enough to overcome the weight of the denser
fluid which can flow backwards, resulting in counter-current flow. With further increase in the incli-
nation of the pipe, there is a value of a, a2, when (�G� qAg sin a) becomes zero. Beyond this point,
v is again positive and the fluids will flow co-currently backwards, against the pressure gradient.

In situations where qAg < jGj < qBg, as could occur in laminar gas–liquid flow, the numerator
in Eq. (5) is always positive and hence, even for near vertical pipes, counter-current flow is still
present, with the denser liquid flowing backwards. This situation may not be stable physically
since wave growth and ‘flooding’ may be initiated. However, in the absence of such flooding
effects, the variation of v with a changes and is indicated in Fig. 7(b). When the pressure gradient
is larger than the gravitational terms, v is always positive so changes in the inclination of the pipe
will not affect the direction of the flow, i.e. fluids A and B will always be in co-current flow. This
situation is shown in Fig. 7(c).
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As demonstrated above, all the solutions of the flow problem vary linearly with v when the
other parameters (e, h, Bo and m) are held fixed. This will be evident in the comparisons that
follow.

Fig. 7. Schematic graphs of the relationship between v and a: (a) jGj < qAg < qBg, (b) qAg < jGj < qBg and (c)

qAg < qBg < jGj.
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4.1. Interface shape

The parameters which affect the shape of the interface are the Bond number, the holdup and the
contact angle of the two fluids and the pipe wall, as outlined in Ng et al. (2001) where a complete
catalogue of solutions for the interface shape was presented. As shown in Fig. 2(a), when the
holdup of the denser fluid B increases, the interface shape progresses from a convex one to a flat
one to a concave one as the pipe is filled. In each case, the thicker line represents the reference
configuration. When the holdup increases, the interface becomes highly curved, but its length is
greatest around a holdup of 0.5. Increasing the contact angle changes the shape of the fluid–fluid
interface from a concave one to a convex one, as shown in Fig. 2(b). As the contact angle in-
creases, the curvature near the walls for the convex interfaces increases and the denser phase
forms an eccentric core with the interface curving inwards near the walls. For small values of the
Bond number, the interface is a circular arc. As the Bond number increases, the fluid–fluid in-
terface becomes flatter with highly curved menisci at the walls. The length of the interface tends to
increase. For the reference values of h and e, the interface remains virtually flat for all values of
Bo, with only slight changes in the curvature. Changing the viscosity ratio, m, or the driving ratio,
v, does not alter the shape of the interface.

4.2. Interfacial velocity profile

The interfacial velocity increases with increasing holdup until the pipe is approximately half
filled with the denser fluid, B. After that, the magnitude of the velocity at the fluid–fluid interface
decreases when the holdup of the system is increased further. The highest interfacial velocity
corresponds approximately to the longest interface at around 50% holdup.

The velocity at the interface decreases with increasing contact angle, as shown in Fig. 8. There is
a peculiarity in the velocity profile at large contact angles approaching p. Near the walls, the

Fig. 8. Variation of the dimensionless interfacial velocity with contact angle, h ¼ 0:1p, 0:2p, . . . , 0:9p (e ¼ 0:3, Bo ¼ 10,

m ¼ 45, v ¼ 1).
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velocity profiles curve inwards, indicating that there are two values of the interfacial velocity at a
particular horizontal position. This is due to the strong curvature of the meniscus in these cases
where the interface curves back on itself, as seen in Fig. 2(b).

4.3. Velocity profile in the symmetry plane

The maximum velocity generally occurs in the denser, less viscous fluid B, and increases with
the holdup. At a viscosity ratio of 45, the lower fluid moves much more easily than the upper fluid.
When the viscosity ratio differs significantly from unity, the flow in the more viscous phase re-
sembles shear driven flow, while the less viscous phase flows as if the interface is a solid wall.
When the viscosity ratio is unity, the velocity profile is parabolic. In this case, the two phases act
as a single fluid, and the highest velocity is at the centre of the pipe.

Fig. 9 shows the velocity profile across the whole pipe for a case with viscosity ratio of 45,
holdup of 0.5, and Bond number of 1. The variation of the velocity in each phase is roughly
parabolic in all directions, as would be expected.

Fig. 10 shows the effect of variation of the driving ratio on the dimensionless velocity profile at
the symmetry plane. The change in dimensionless velocity is linear with respect to the driving
ratio. When the scaled driving ratio increases (Fig. 10(a)), the velocities increase correspondingly,
but the change in magnitude of the dimensionless velocity for each step change of v is greater in
the top fluid than in the bottom fluid. Fig. 10(b) shows the velocity profiles for cases when v ¼ 0,
�1, �2, �3, �4 and �5. The dimensionless velocity is scaled with U, defined in Eq. (6), which is
negative when v is less than or equal to zero, so the velocity has been multiplied by �1 to obtain
the correct flow direction, which is equivalent to scaling with the magnitude of the velocity scale,
jU j. In this case, the flows are counter-current, with the denser fluid flowing backwards. At v ¼ 0,
reverse flow occurs, with both fluids flowing backwards in a greatly inclined pipe.

Fig. 9. Velocity profile across the pipe cross-section (e ¼ 0:5, h ¼ p=6, Bo ¼ 1, v ¼ 1, m ¼ 45).
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4.4. Interfacial shear stress

When the holdup of the denser fluid increases, the difference between the interfacial shear stress
at the walls and the centre of the pipe increases, as shown in Fig. 11(a). Like the interfacial ve-
locity, the shear stress at the interface is symmetrical across the vertical diameter. The maximum
velocity occurs near the centre of area of fluid B. Hence when the holdup increases, the velocity
difference across the interface increases dramatically, increasing the magnitude of the interfacial
shear stress. The interface becomes shorter in length and more curved when the holdup increases
beyond 50%.

Fig. 10. Variation of the dimensionless velocity profile at the symmetry plane with the scaled driving ratio (e ¼ 0:3,
h ¼ p=3, Bo ¼ 10, m ¼ 45): (a) v ¼ 1, 2, 3, 4, 5, (b) v ¼ �5, �4, �3, �2, �1, 0 (the sign of the velocity is adjusted).
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The interfacial shear stress is not strongly affected by variation of the contact angle, as seen in
Fig. 11(b). When the contact angle between the two fluids and the wall approaches p, the interface
position becomes multi-valued and there are two values of the interfacial shear stress at a single
position near the pipe wall. At such high contact angles, the less viscous phase, fluid B, begins to
curl up into an eccentric core. In general, the dimensionless interfacial shear stress decreases when
the contact angle increases; this corresponds to the decrease in the velocity at the interface shown
in Fig. 8. In addition, the interfacial shear stress increases steeply towards the wall. This is related
to the discontinuity in the wall shear stress across the interface. The local analysis of the interfacial
shear stresses, outlined in Appendix A, shows that when the contact angle is greater than p=2, the
interfacial shear stress on the wall is zero; this is indicated in the figure. When the contact angle is
less than p=2, the interfacial shear stress tends to infinity at the contact point.

Fig. 11. Variation of the dimensionless interfacial shear stress (a) with holdup, e ¼ 0:05, 0.1, 0.2, . . . , 0.9, 0.95 (h ¼ p=3,
Bo ¼ 10, m ¼ 45, v ¼ 1) and (b) with contact angle, h ¼ 0:1p, 0:2p, . . . , 0:9p (e ¼ 0:3, Bo ¼ 10, m ¼ 45, v ¼ 1).

984 T.S. Ng et al. / International Journal of Multiphase Flow 28 (2002) 963–996



The shear stress at the interface decreases with increasing viscosity ratio. When the viscosity
ratio is large, the interfacial stress is negative and decreases in magnitude towards the wall. Near
the walls, the change in shear stress on the interface is quite rapid, influenced by the effect of the
shear stress at the walls. When the viscosity ratio is unity, the interfacial shear stress is approx-
imately constant in value, with a slight increase in value near the walls.

4.5. Wall shear stress

The variation of the dimensionless shear stress around the pipe wall is illustrated in Fig. 12.
Here, the shear stress is made dimensionless by dividing by lBU=R ¼ ð�G� qBg sin aÞR. The
section labelled ‘TOP’ in the graph shows the wall shear stress profile in the more viscous fluid A,
while the ‘BOTTOM’ section represents the wall shear stress in the less viscous lower phase. The
two parts are not symmetrical to each other, with the shear stress around both the top and bottom
walls being roughly constant except near the contact point, where there is a discontinuity. The
wall shear stress in the less viscous lower layer is less than that in the upper fluid. As the denser
fluid is less viscous, it flows at a higher velocity, and hence exerts a positive drag on the upper
fluid. Since the forces must balance, the stress on the wall is therefore higher for the upper fluid.
When the holdup increases, the wall shear stress increases in both fluids, but the average shear
stress, integrated around the pipe wall remains constant, with value 0.5, as required from a global
force balance.

When the pipe is inclined, the buoyancy of the upper fluid affects the global momentum bal-
ance, so the average wall shear stress changes with v. Fig. 13 shows the effect of v on the di-
mensionless wall shear stress. The cases of v6 0 are shown with the sign adjusted in Fig. 13(b). In
the top fluid, the shear stress on the wall is approximately constant except in the region near the
contact line. When the driving ratio is negative, the wall shear stresses in fluids A and B are of
opposite sign, indicating that counter-current flow is present.

Fig. 12. Variation of the dimensionless wall shear stress profile with holdup, e ¼ 0:1, 0.2, . . . , 0.9 (h ¼ p=3, Bo ¼ 10,

m ¼ 45, v ¼ 1).
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When the viscosity ratio is unity, the wall shear stress around the whole periphery of the pipe
has a constant value of 0.5 since the two separate phases act as a single fluid. The wall shear stress
of the upper fluid increases in value when the viscosity ratio is increased. The value is approxi-
mately constant around most of the wall but increases near the contact point for a viscosity ratio
greater than one. There is not much change in the trend of the wall shear stress in the denser fluid
B; it decreases in value when the viscosity ratio is increased. For horizontal flows, v ¼ 1, it
consistently decreases in value when the contact point is approached.

4.6. Volumetric flow rate

The volumetric flow is made dimensionless by dividing by UR2, which is equal to
ð�G� qBg sin aÞR4=lB. The effects of holdup and Bond number on the dimensionless flow rates of

Fig. 13. Variation of the dimensionless wall shear stress profile with the scaled driving ratio (e ¼ 0:3, h ¼ p=3, Bo ¼ 10,

m ¼ 45): (a) v ¼ 1, 2, 3, 4, 5 and (b) v ¼ �5, �4, �3, �2, �1, 0 (the sign is adjusted).
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fluids A and B are illustrated in Fig. 14. The flow rate is roughly proportional to the cross-
sectional area of the flow, so generally the larger the cross-sectional area, the higher the flow rate.
The two graphs are of different shapes due to the large viscosity ratio. The maximum dimen-
sionless flow rate of fluid B is p=8, corresponding to a full pipe, while the dimensionless flow rate
of fluid A when it fills the pipe is p=360. There is a maximum flow rate for the more viscous upper
fluid A at approximately 20–25% holdup. This is because when the holdup (of B) is small, the
cross-sectional area of the more viscous fluid remains large, but the contact periphery with the
wall is reduced. The flow in fluid A is similar to a shear driven flow, with the interfacial shear
contributing an additional driving force. This feature can also be seen in the results of Davis
and Mai (1991) and Ranger and Davis (1979). They performed computational studies on the

Fig. 14. Variation of the dimensionless flow rate with holdup and Bond number, Bo ¼ 0:1, 1, 10, 25, 50, 75, 100, 150,
200 (h ¼ p=3, m ¼ 45, v ¼ 1): (a) fluid A and (b) fluid B.
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volumetric flux of both Newtonian and non-Newtonian fluids (with a flat interface). Their nu-
merical results showed that the flux is higher when the pipe is around 75% filled than when the
pipe is completely filled.

The flow rate of the more viscous phase A generally decreases with increasing Bond number as
can be observed in Fig. 14(a). Beyond a Bond number of approximately 80, there is no significant
change in the volumetric flow rate, as indicated by the thick band of curves. The dimensionless
volumetric flow rate of the less viscous phase, fluid B, increases slightly with Bond number as can
be seen from Fig. 14(b).

Fig. 15(a) illustrates the decrease in volumetric flow rate of the top fluid with increasing contact
angle of the flow system while Fig. 15(b) shows the corresponding small increase in the flow of
fluid B. The trends can be explained by the change in the wetted perimeter of the fluids. As the

Fig. 15. Variation of the dimensionless flow rate with holdup and contact angle, h ¼ 0:1p, 0:2p, . . . , 0:9p (Bo ¼ 10,

m ¼ 45, v ¼ 1): (a) fluid A and (b) fluid B.
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contact angle increases, fluid B forms an eccentric core, with an increasing flow rate, while the
contact perimeter of fluid A increases. The interfacial shear stress is reduced, and hence the flow
rate of fluid A decreases. Here, the variation of flow rate of phase A with respect to holdup follows
the same trend as observed in Fig. 14(a). The change in flow rate of fluid A with contact angle is
again more significant than that of the less viscous fluid B.

Fig. 16 indicates the variation of the dimensionless flow rates of A and B with respect to the
scaled driving ratio, v. Fig. 16(c) and (d) show the variation of the dimensionless flow rates after
the sign has been adjusted for v less than or equal to zero. The change in the dimensionless flow
rates is linear with the change in v. The magnitude of the dimensionless flow rate of A increases
with the magnitude of v. When v takes the value zero, the pipe is inclined upwards and A is
flowing backwards, the shape of the graph is nearly symmetrical, with the maximum flow rate very
near 50% holdup.

Because of the chosen scaling, there is very little change in the magnitude of the dimensionless
volumetric flow rate of fluid B with variation of the driving ratio, as illustrated in Fig. 16(b) and
(d). In general, the dimensionless flow rate of B increases vary slightly with increasing v. When the
driving ratio is negative, counter-current flow occurs, and fluid B is flowing backwards, as indi-
cated by the negative flow rates in Fig. 16(d).

Fig. 16. Variation of the dimensionless flow rate with holdup and scaled driving ratio (h ¼ p=3, Bo ¼ 10, m ¼ 45): (a)

fluid A, v ¼ 1, 2, 3, 4, 5; (b) fluid B, v ¼ 1, 2, 3, 4, 5; (c) fluid A, v ¼ �5, �4, �3, �2, �1, 0 (the sign is adjusted) and

(d) fluid B, v ¼ �5, �4, �3, �2, �1, 0 (the sign is adjusted).
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5. Conclusion

The most important integral flow properties, from the industrial and practical perspective, are
the volumetric flow rates of the two fluids. For example this information could be used to de-
termine the optimal amount of water to be injected to minimise the energy requirements for oil
transportation in pipelines.

In the BEM, only the integrals on the boundary (fluid–fluid interface) need to be evaluated to
determine all the integral and local flow properties of the physical flow system. As integrals over
the flow domain are not required in the calculations, the computational time is very short. The
method is highly efficient for determining the flow properties of two-phase laminar–laminar pipe
flow.

The results for all flow properties obtained from the BEM agree well with the analytical so-
lution (Kurban, 1997) for a pipe with a flat interface at 50% holdup. In the comparison against the
bipolar finite difference results of Hall (1992) for flat interfaces at 25% and 75% holdup, the two
methods agree reasonably well, but with a maximum error of 20% in the flow rates at a viscosity
ratio of 45. This is due to the large error present in the bipolar code. In addition, the boundary
element solutions compare well with those obtained via the Fourier integral method by Brauner
et al. (1996) for circular interfaces.

The local and integral flow properties of the fluid flow system are determined by the shape of
the interface which depends on the key physical parameters (the Bond number, Bo, the contact
angle, h, and the holdup, e) of the physical flow system as well as by the inclination of the pipe and
the viscosity ratio. The flow properties have a linear dependence on the driving ratio, v, which is
related to the inclination of the pipe.

The current work has addressed the calculation of the velocity fields, shear stresses and flow
rates for fully developed, laminar stratified flows in which the interface remains free of waves and
other disturbances. In this calculation, the Reynolds number has no effect, since the flow is
perfectly parallel. The stability of these flows is not discussed here. In general, one would expect to
find instabilities and transitions to more complex flows, associated with critical values of some of
the parameters. Such instabilities could include shear flow instability of the less viscous phase at
high Reynolds number, the occurrence of interfacial waves at high Froude number, and capillary
instabilities at low values of the Bond number. The present work could be used as a starting point
for the analysis of such transitions.
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Appendix A. Behaviour of the shear stresses near the contact line

The behaviour of the shear stresses near the contact line is investigated using a local polar
coordinate system ðs;/Þ centred at the contact point C, as shown in Fig. 17.
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The governing equations and boundary conditions are

r2fi ¼ 0 in region i; i ¼ A or B ðA:1Þ

with

fi ¼ 0 on Si ð/ ¼ 0 or / ¼ pÞ ðA:2Þ

On the interface SI,

fA � fB ¼ m� v
4m

1
�

� r2
�

ðA:3Þ

mðn 	 rfAÞ � n 	 rfB ¼ v � 1

2
n 	 x ðA:4Þ

In the local polar coordinate system, the latter conditions are applied at / ¼ h, and approxi-
mated as

fA � fB ¼ m� v
4m

s sin h ðA:5Þ

m
ofA
o/

� ofB
o/

¼ v � 1

2
s cos h ðA:6Þ

A particular solution of this system is

f P
A ¼ � v

2m
s sin/ ðA:7Þ

f P
B ¼ � 1

2
s sin/ ðA:8Þ

However this solution is such that the wall and interface stresses given by

Fig. 17. The local ðs;/Þ coordinate system at the contact line.
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swA ¼ m
s

ofA
o/

� �
/¼p

� v
2

ðA:9Þ

swB ¼ � 1

s
ofB
o/

� �
/¼0

� 1

2
ðA:10Þ

sI ¼ �m
s

ofA
o/

� �
/¼h

� v
2
cos h ðA:11Þ

are all identically zero.
Hence the stresses of interest are given by the dominant behaviour of the homogenous solution

of Eqs. (A.1)–(A.6). The homogenous solution has terms of the form:

fH
A ¼ � c

k
sin kh

sin kðp � hÞ s
k sin kðp � /Þ ðA:12Þ

fH
B ¼ � c

k
sk sin k/ ðA:13Þ

where c is an arbitrary constant, and the value of k is determined by the transcendental equation

m ¼ � tan kðp � hÞ
tan kh

ðA:14Þ

The homogenous solution gives contributions to the stresses of the form

swA ¼ csk�1 m sin kh
sin kðp � hÞ ðA:15Þ

swB ¼ csk�1 ðA:16Þ
sI ¼ csk�1 cos kh ðA:17Þ

The boundary conditions (A.2) require k to be positive so that f ! 0 as s! 0. Hence, we are
interested in the smallest positive solution of Eq. (A.14) for k. As Eq. (A.14) has symmetry with
respect to the replacements, m! 1=m and h ! p � h, it is sufficient to consider cases for m > 1.
The set of solutions is shown in Fig. 18 for selected values of m. The pattern of the solution is clear
and divides into two cases. In case I, m > 1 and 0 < h < p=2 (or m < 1 and p=2 < h < p), the
value of k is less than unity. Thus, when the more viscous fluid occupies the obtuse angle, the
stress at the contact line is singular; this is similar to the case of the more viscous fluid with a
free surface. In case II, m > 1 and p=2 < h < p (or m < 1 and 0 < h < p=2), the value of k is
greater than unity. Thus, when the less viscous fluid occupies the obtuse angle, the stress at the
contact line is zero; this is similar to the case of the less viscous fluid flowing in a solid re-entrant
corner.

It is noted that, even for m ¼ 40, the value of k does not vary greatly from unity, so the sin-
gularity in case I is rather weak, and the approach to zero in case II is rather abrupt.

There are four special cases: m ¼ 1, h ¼ 0, h ¼ p=2, and h ¼ p, for which k takes the value
of unity. When m ¼ 1, all of the stresses remain finite, and the wall shear stress is continuous
across the interface, swA ¼ swB. When h ! 0 or h ! p, the stresses tend to a finite limit with
swA ¼ swB ¼ jsIj; the contact point acts as a point on a plane solid wall. When h ¼ p=2, the in-
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terface stress sI is zero, and the wall shear stresses are related by swA ¼ m swB. This result is
consistent with that for the case of a flat diametrical interface (e.g. Biberg and Halvorsen, 2000)
where the dimensionless wall shear stresses, expressed in terms of our notation are

sA ¼ m
2

1þ v
1þ m

� �
ðA:18Þ

sB ¼ 1

2

1þ v
1þ m

� �
ðA:19Þ

The two principal cases outlined above are of general interest in the present work. In case II,
the stresses approach zero at the contact point. Thus, the limiting stress is known, and this value
is included in Fig. 11(b). In case I, the stresses are all singular at the contact point, and thus
cannot be shown on the figures. However, a representative case (e ¼ 0:3, h ¼ p=3, Bo ¼ 10,
m ¼ 40 and v ¼ 1) is shown in Fig. 19. The logarithmic plots show that the stresses adopt a power-
law form for small s, whose slope k agrees with the value 0.76 determined from Eq. (A.14)
and whose intercepts agree reasonably well with Eqs. (A.15)–(A.17) when c is set equal to
0.022. Fig. 20 shows the slow approach to zero (on a logarithmic scale) of the stresses in case II.
In this example, (e ¼ 0:3, h ¼ 2p=3, Bo ¼ 10, m ¼ 40, v ¼ 1), k takes the value 1.39 and the
constant c is set to 0.37. The stresses predicted by the BEM and the local analysis again agree
reasonably well in the region of the contact point. It is noted that the interfacial shear stress
is negative in this case, from Eq. (A.17), and so the magnitude of the shear stress is plotted in
Fig. 20(c).

A general discussion of the stresses near the contact line has recently been given by Biberg and
Halvorsen (2000). The limiting behaviour of the wall and interfacial shear stress at the contact line
was obtained by residue calculus. The results are similar to those presented here, but less succinct.

Fig. 18. The variation of k with h for m ¼ 1, 3, 10 and 40.
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Fig. 19. The variation of the dimensionless shear stress with distance from the contact point, Case I stress increases

(e ¼ 0:3, h ¼ p=3, Bo ¼ 10, m ¼ 40, v ¼ 1): (a) wall shear stress in fluid A, (b) wall shear stress in fluid B and (c) in-

terfacial shear stress.
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Fig. 20. The variation of the dimensionless shear stress with distance from the contact point, Case II stress approaches

zero (e ¼ 0:3, h ¼ 2p=3, Bo ¼ 10, m ¼ 40, v ¼ 1): (a) wall shear stress in fluid A, (b) wall shear stress in fluid B and

(c) interfacial shear stress (magnitude).
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